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Abstract 

Given an elliptic curve with supersingular reduction at an odd prime 
p, Iovita and Pollack have generalised results of Kobayashi to define even 
and odd Coleman maps at p over Lubin-Tate extensions given by a formal 
group of height 1. We generalise this construction to modular forms of 
higher weights. 



Introduction 

Let / be a normalised eigen-newform of integral weight at least 2 and p an odd 
supersingular prime for / (i.e. p divides a p but not the level of /). On the one 
hand, the p-adic L-functions of / defined in [TT] have unbounded coefficients. 
On the other hand, the p-Selmer group over the Qoo, the extension of Q by 
adjoining all p power roots of unity, is not A-cotorsion where A is the Iwasawa 
algebra of Z p [[Gal(Qoo/Q)]]j which can be identified with the set of power series 
over Zp[Gal(fci/Q p )]. ft makes the Twasawa theory for / at p difficult. 

Much progress has been made in this direction. In [T3] , Pollack has defined 
the plus and minus analytic p-adic L- functions L p , which have bounded coef- 
ficients in the case a p — 0. When / corresponds to an elliptic curve E defined 
over Q and p is as above, Kobayashi [5] defined the even and odd Selmer groups 
Selp (E/Qoo) by modifying the local condition of the usual Selmer group at p. 
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These conditions are obtained by applying Honday theory to the formal group 
associated to E at p. Kobayashi then used these conditions to construct 

Col* : limF^fcn,^) -> A 

where Te is the Tate module of E at p and k n = ^ turns out that on 

applying Col* to the Kato zeta element defined in [6], one obtains Lp , which 
can be used to show that Sel ± (£'/Q 00 ) are A-cotorsion. It is then possible to 
formulate the "main conjecture" in the following form: 

Conjecture 0.1. With the notation above, the characteristic ideal of the Pon- 
tryagin dual of Sel p (-B/Qoo) *s generated by L^. 

On the one hand, the construction of CoY* 1 was generalised by Iovita and 
Pollack [5] to Lubin-Tate extensions given by formal groups of height 1. That is, 
we can replace k n by extensions of Q p obtained by adjoining torsion points of a 
Lubin-Tate group of height 1 defined over 7L p . On the other hand, Kobayashi's 
construction can be generalised to modular forms of higher weights by using 
Perrin-Riou's exponential map (see QZ3)- We will show that one can generalise 
the construction of the former to higher weight modular forms as well by using 
the Perrin-Riou's exponential map constructed by Zhang [T5] . 

As in [TO], instead of defining the Coleman maps using local conditions 
obtained from the formal group, we define the Coleman maps directly us- 
ing the Perrin-Riou's exponential. We then obtain our new local conditions 
from ker(Col ), which turn out to agree with the ones given by Kobayashi and 
Iovita-Pollack. We then use these conditions to define the corresponding Selmer 
groups. 

We now outline the construction of Col* here. Let Vf be the Deligne p-adic 
representation of Gq associated to /. Write V = Vf(l), the Tate twist of Vf 
and fix T a lattice in V which is stable under Gq. Then, the Perrin-Riou's 
exponential map enables us to define two elements 

E hy (^±) e ft ( fc_ 1)/2 <g>Hmir 1 (fc n ,T) 

where H(k-i)/2 denotes the set of power series over Q p [Gal(fci/Q p )] which are 
of order log^ 1 ^ 2 . We then define 

Ct±:limH 1 (k n ,T*(l)) -> H (fe _ 1)/2 

Z i y < E h y(fl£±),Z > 

where < , > is a pairing on 

(ft (fc _i )/ 2®limir 1 (fc».»T)) xlim.ff 1 (fc B> T*(l)) ft (fc _i )/2 . 

On computing some of its special values, we show that £j± (z) is divisible by 
log* fe , which is defined in [T3] and has exact order log p fe_1 ^ 2 . This enables us 
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to define 



Co^ :limH 1 {k n ,T*{l)) -> Q <g> A 

z i ^ £ e ±(z)/log± fc . 

The structure of this paper is as follows. We will review results of [15] 
in Section [TJ In particular, we will state the properties of the Perrin-Riou's 
exponential map which we will need for our construction of the Coleman maps. 
In Section [2] we will construct the Coleman maps using ideas from |10) . The 
kernels and images of these maps will be described in Section [3] under certain 
technical assumptions. In particular, we will define the even and odd Selmer 
groups for some Z p -extensions of a number field using our description of the 
kernels. Finally, we explain how the construction in Section [2] can be generalised 
to relative Lubin-Tate groups in Section [4] using ideas of Kim (see [7]). 

Acknowledgements. The author would like to thank Tony Scholl, Byoung 
Du Kim and Alex Bartel for the very helpful discussions. He is also indebted to 
the anonymous referees for their valuable suggestions. 

1 Perrin-Riou's exponential map over height 1 
Lubin-Tate extensions 

In [15], Zhang has generalised the construction of Perrin-Riou's exponential map 
defined in [12] to Lubin-Tate extensions. We review his results here. 

We fix an odd prime p and tt a uniformiser of Z p . Let a be the p-adic unit 
in Z* such that tt — ap. Let g be a lift of Frobenius with respect to tt, i.e. 
a power series over Z p such that g(X) = ttX+( higher terms) and g(X) = X p 
mod p. Then, g gives rise to an one-dimensional height-one formal group over 
Z p , which is independent of the choice of g up to isomorphism over Z p . We 
denote this formal group by T . 

We write K — Q p (reason being we want to replace Q p by a finite unramified 
extension of Q p in Section 2]), K n denotes the extension of K obtained by 
adjoining the 7r"th roots of T and G n denotes the Galois group of K n over K 
for < n < oo. In particular, G n = (Z/p") x and = G\ x Ga^AT^/ATi) = 
Z/(p-l)xZp. 

Let k be the character of Gk (the absolute Galois group of K) given by its 
action on the Tate module of T. Then, crco — [k(ct)]f(uj) for all uj £ J 7 ^ 00 ]. 
If x denotes the cyclotomic character of Gk 7 then k = xip f° r an unramified 
character ip. 

Let S denote the completion of the maximal unramified extension of Q p 
and D its ring of integers. Let rj : G m — > T be an isomorphism between 
the multiplicative group and T. Then r\ G £>[[X]]. Moreover, r\{X) = flX+ 
(higher degree terms), where is a p-adic unit. The lift of Frobenius g satisfies 
g o r\ = rj-e o ((1 + X) p - 1) where tp is the Frobenius of Gal(Q^ r /Q p ) which acts 
on rj by acting on its coefficients. In particular, f2 v = a£l. 
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Definition 1.1. We define S[[X]]^ to be the set of power series f , defined over 
E, such that af(X) = /((l + X)^ - l)Vcr £ Ga- 
in particular, [K] (1-13)] says that ?/ G S[[Jf]]^. The significance of this set 
is given by the following: 

Lemma 1.2. Let f G H[[X]]* and C a P™^ root of unity. Then f(( - 1) G K n . 

Proof. By definition, crf(X) = /((l + X)^ CT ) - 1) for any a G G K - Therefore, 
we have 

a(/(C-l)) - (<t/)(C ct -1) 

= /(C K(CT) -i)- 

If, in addition, a G G\k-„, then n(a) G 1 +p"Z p . Hence, <r{f{( — 1)) = /(C — 1) 
for any a G G/f n , so we are done. □ 

From now on, we fix a primitive p n th root of unity C, p ™ for each positive 
integer n such that Q^ n+1 — Cp™- This determines an element t G B^ R (see [21 
Section III. 1] for details). We also fix a crystalline (hence de Rham) representa- 
tion V of Gk and write D(V) = DdR,{V) = D als {V) for its Dieudonne module 
which is equipped with a de Rham filtration and an action of ip. We denote the 
ith de Rham filtration by D l (V). We write r(V) for the slope of ip on D(V). 
Note that the action of ip extends to S <g> .D(y) naturally. 

We write V(fc) for the fcth Tate twist of V. Then, D(V(k)) = t- k D(V) as 
Gk acts on t via x- Similarly, Z)(y(K fe )) = t~ k D(V) where t^ — ilt since Gk 
acts on t„ via k by |151 Section 2]. Their filtrations are given by the following: 

Lemma 1.3. XTie de Rham filtrations satisfy 

D\V{^)) = D l (V{j)) = /-'/r -Ml } . 
Proof. Since f2 G -ft" x , we have 

^(F^)) = (^ J D(F))nt < J B+ fl 

= ^( J D(F)n^n^+ fl ) 

= t-i(D(V)nt i+ iB+ R ) 

= t-w^(v). 

Hence we are done. □ 

For r G M>o, let B be a Banach p-adic space, then 2? r (Q p , B) denotes the set 
of tempered B- valued distributions of order r (in the sense of [21 Definition 1.4.2]) 
on the locally analytic functions with compact support in Q p . It is equipped 
with a Galois action of Gk as defined in [TSJ (3.1)]. Similarly, if A is a compact 
open subset of Q p , V r (A, B) denotes the set of tempered distributions of order 
r on A with values in B. 
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When A = Z p , we write the Amice transform of \x S T> r (Z p ,B) as .4^ € 
B[[X]],i.e. 

M*)= I (i + W)- 

We define X> r (Q p , 5®D(F))^ to be the subset of V r (Q p , E®D{V)) consisting 
of all the distributions /x satisfying: 



/M = / fM<r)x)l* Va e G 



K ■ 



Remark 1.4. Let fj, e V r (Z p ,E® D(V)). Then, \i e V r (Z p , 3 D{V))^ iff its 
Amice transform is in S [[X]]* <g> £>(V) (see J23 Proposition 24(i)J). 

We define V r {Z^,E® V{V)) to be limX> r (Z* , H <g> D(V(n k ))) where Tw is 

Tw 

the twist map given by \i H > (— ta) _1 /x, which is well defined by [141 Lemma 3.6]. 
We define P^(Q P , 3 ® ©(F)) similarly. In |15j Theorems 3.3 and 3.6], the gen- 
eralised Perrin-Riou's exponential is given by: 

Theorem 1.5. Let h be a positive integer such that D~ h (V) = D(V). Then, 
there is a map 

E hy : V r (Q p , 3 ® D(V)yv®v=i^ #i 2? r+r(v)+fc (Z£ , D(V))f°° 

such that for k > 1 — h 

/ _i * \ 



/ a^Efc.vM - (fc + /i-l)!ex Pfc ((l-^-^l-^) / 
Jz* \ V Jz* 



(-tx) 



1+p" 



where e is as defined in JH Section V.l] and exp fc denotes the exponential map 
for the p-adic representation V(n k ) as defined in JT^. 



2 The construction of even and odd Coleman 
maps 

We construct Col 1 * 1 in three steps. First, we prove some elementary results 
about distributions on Z p in Section 12.11 In Section 12.21 we explain how to 
construct a measure G V n (Z p ,3 ® from a given £ 6 Z) (V) and 

compute some special values of Khy(fJ.^) using Theorem II .5! and results from 
Section [2~T1 . Finally, in Section [2~3l we apply these results to a modular form / 
by choosing two elements of D(Vf), namely £ ± . We then proceed as explained 
in the introduction to construct Col^ 
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2.1 Distributions on Z* 

Let n G VriZp^^ViV))^, then /i G P r (Zp , H ® V(V))^ iff 

^ ^(C(l + X)-1) = 0. 
C p =i 

On the space of power series satisfying this condition, D = (1 + X)-A^ acts 
bijectively. Moreover, for such /z, we have 



*M<r 1) = Jf « J *V (i) 
see e.g. [3J Section 1.5]. 

Lemma 2.1. ,4m/ ,u G Z> r (Z£ , 3 ® £>(F))^ can 6e Zi/ted to 

Moreover, the image of such a lift under E^y is independent of the choice of 
the lift. 

Proof, m Lemma IX.2.8 and Remark IX.2.6(iii)] and [TSJ Lemma 3.5]. □ 

Given any \i G 2? r (Z* , S ® X>(V))^, we abuse notation and write E^y (/i) = 
JE/i,y(//) where /I is a lift given by Lemma 12.11 The fact that ipx> ® ip(Ji) = Jl 
implies that 



f(x)Jl = <pl f(px)Jl (2) 

pA \JA / 

for any / and A C Q p . It allows us to compute some special values of fx. 
Lemma 2.2. With the above notation, j z x k Jl = (1 -p k tp)~ 1 ( K D k A fJ ,(0)) . 
Proof. Since Ji^ restricts to /i£ on Z* , (fTJ) implies that 

f x k J^ = f x k f i i = D k A tt (0). 

Hence, by applying (J2|) to the decomposition 

/ x k Jl = / x k Ji + I x k Jl, 

we have 

r x k ji = p k tp I f x k Jl) +D k Ap(0). 
\Jz p J 

□ 
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Lemma 2.3. With the notation above 

n-l 



[ e (±) ^ = $>V (D k A»(C p n-i 1)) +p nk (l-p k V )- 1 (D k A,m. 
Jz P \P J l=0 

Proof. Since Z p = Z* U pZ* U • • • U/ _1 Z p x U p n Z p , we have 



where the last equality follows from repeated applications of ((2J. Hence the 
result by ([T]) and Lemma 12721 □ 

2.2 Computing some special values 

With the notation above, we define 

v(x) = v (x)-- 5>(c(i + x)-i). 

Then =i + -*")- 1) = 0. Moreover, we have: 

Lemma 2.4. ffek!/e^H[[I]]*. 

Proof. Let cr <E G Qp and ( a pth root of unity. By Q2J (1.13)], 77 G H[[X]]^ and 
cr?7(X) = 7/((l + X)^ CT ) - 1). If we replace X by C ff (l + X) - 1, we have 

<7fa(c(i + x)-i)) = M(r(i + x)-i) 

= ry((r(l+X))^-l) 
Hence, on summing over £ p = 1, we have 

5>(C(l+*)-l)J = 5>fa(C(l + X)-l)) 
\C p =i / C p =i 

= XI ^(C k(<t) (i + ^) v ' ( ' t) -i) 

= £>(C(1 + -1) (as K (a)eZ p x ). 

Hence, the sum X<»=1 ^(C(l + -X") — 1) € H[[X]]^, so we are done. □ 
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Let f e P(V), then f?(X) <g> £ defines an element /i ? € P (Z*,£ ® £>(V)) 
with 

Jz* 

By Lemma and Remark [L"H ^ € V (Z* ,S ® P(V))^. On applying the 
Perrin-Riou's exponential, we have: 

Proposition 2.5. M^zt/i </ie notation above, we have for n > 1 and k > I — h 

(-x) k E htV (^) = (fe + h-l)!exp fc (7n,k(0) 



where 7„.fc(£) is defined by 



1 

^ \i=0 



- V'~"(<i-< - 1) ® + (1 - ^J-^D-^CO) (8 &) 



Proof. The result follows from combining Theorem 11.51 with Lemmas 12.21 and 
12.31 and the fact that ip(t) — pt. □ 

Our assumption on the eigenvalues of <p implies that there is an isomorphism 

H 1 (K ao ,V r (Z^,V)) a '" = P r (G oc )®H I 1 w (^) 



where Hj w (V0 := 1imH\K n ,V) and P r ((?«,) = 2> r (Goo,Qp) (sec e.g. [2, 
Proposition 2]). Under this identification, we have 

Efc,v(/*e) e ^fc+r(V)(Goo) ®Hj w (V0- 

Write Tw fc : H I 1 w (t/) -> H I 1 w (U(K fc )) for the twist map. Recall that Tw t (/i) = 
(— tx)~ k /i, so Proposition 12.51 implies that if n > 1 and fc > 1 — /i, the nth 
component of Tw^Ej, ^(^)) is given by 

(fc + n-l)!cxp fe (7 lMc (0) (3) 

where exp fe now denotes the exponential map K n ®T>(V (n k )) — > H x {K n , V(n k )). 

Recall that G^ = G\ x r where T = Z p . We fix a topological generator 7 
of T, then T> r (G 00 ) can be identified with the set of power series in 7 — 1 over 
Q p [Gi] which are 0(\og r p ). 

We now assume that V has a F-vector space structure where F is a finite 
extension of Q p and the action of Gk commutes with the multiplication by F. 
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Denote the ring of integers of F by Of- Let A = 0_f[[Goo]] = limOi?[G n ], then 
there is a pairing 

<,>:H I 1 w (^)xH, 1 w (r(l)) Q <X> A 



Vcr6G„ J 



where [,]„ is the pairing on H 1 (K ni V) x H 1 (K n , V*(l)) ->• F. It extends to 
/ 2? m (G 00 )®H I 1 w (^)) x (2? n (G oo )0H I 1 w (F*(l))) -»■ V^Goo) 



for all m, n S K>o- This enables us to define the following: 
Definition 2.6. For a fixed £ G -D(V^), we define a map 

Cl-.Ml w (V*(l)) ^(^^(G^) 

z < E h ,y(A*e),z > • 

Following the calculations of [5], we find that for n > 1, the nth component 
of Twfe £^(z) is given by: 



(Tw fc ^(Z))^ = (fc + k - 1)1 X l^PkilnAOn, «-*,»U 

ff£G„ 

= (/i + k - !)![ X] 7»,fc(£)V J] exp*(z^ fci Ja- 1 ],, 



<t<EG„ <tGG„ 

where z-k.n denotes the image of z under 

HU^*(i)) -> mj w (v*(i)(K- k )) -> ff 1 ^, y*(i)( K - fe )) 

and Twfe acts on 2? r (v)+/t(Goo) by cr n> K,(a) k a for <r £ Goo. 

Let be a character on G„ which does not factor through G n -%. Since 
p-kfjip*-" (^ >n _ i - 1) e by LemmalTJ we have 



WG„ / ^ o-GG„ 

Hence, as in jTQl Lemma 1.4], we have 



— k—tp 



ff (c P «-ir^)®^ n (6)- 



1 

p" 



D- k r~ n (c P ™ -ir9w^- n (&), E ^(^J^- 1 ) 



.<t£G„ <t6G„ 



(4) 
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2.3 Modular forms 

From now on, we fix a normalised newform / = X] a nQ n of integral weight k > 2 
with p a supersingular prime for / and a p — (i.e. p divides a p but not the 
level of /). We allow the character of / to be arbitrary, but for the sole purpose 
of easing notation, we assume that the character of / takes value 1 at p. Let 
Vf be the Deligne representation of Gq defined in [3]. Let L = Q(a n : n > 1) 
be the field of coefficients of / and fix a place of L above p. Then, V is a two- 
dimensional vector space over F = L v and the action of Gq commutes with F. 
If we take V to be V) (1), the Frobenius tp on D(V) satisfies 

P 

In particular, r(V) = (fc — l)/2 — 1 and the assumption that the eigenvalues of 
<^> on D(Vf) are not integral powers of p is automatically satisfied. On taking 
h = 1 in Theorem 11.51 and writing for £|, we have Im(£f) C £>(fc-i)/2(Goo) 
for any $ e D(V). 

The de Rham filtration of D(Vf) is given by 

( D(V f ) if z < 
£>^) = D°(^(i)) = I if z>fc 

[ F • w if 1 < i < k- 1. 

where w is any non-zero element of D 1 (V/) = Z?°(V r ). We fix one such w, 
this corresponds to a choice of periods for / (see [5]). We have D°(V(j)) = 
D°(V(K j )) = F-u forO<j <k-2. 

Let 7 = k(u), then we can define log^ k as in [15] : 

3=0 n=l 1 

k — 2 oo ■ / a 

lo Sp,fe = 1111 ~ ' 

j=0 n=l F 

where <E> m denotes the p m ih cyclotomic polynomial. In particular, the zeros of 

logp k are given by k?9 where < j < k — 2 and 9 is a character of G n which 

does not factor through G n _i with n odd, whereas those of log~ fc are characters 

+ — 
of the same form but with even n. Moreover, logp k have exact order log p 2 . 

We can now give a generalisation of [101 Lemma 2.2]: 

Lemma 2.7. Let £ + = ip(cj) and £~ = u>, then log^ k \C%± (z) for all z € 
H,' w (K*0))- 

Proof. We have <^> 2 ™(w) £ D°(V(fi; r )) for all integers n and < r < fc — 2. 
Therefore, by (|4|), we have 

K r 9(C^+(z)) = if n is odd, 
n r 9{C^- (z)) =0 if n is even 
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where 9 is a character of G n which does not factor through G n -\. Hence, the 
zeros of log^ k are also zeros of £f± (z), so we are done. □ 

In particular, since £f±(z) G £>(fc_i)/2(Goo), we have £ ? ±(z)/logp fc = 0(1). 
Hence, we have: 

Definition 2.8. The even and odd Coleman maps are defined to be 

Col^HjJV^l)) -> A 

z i ^ £ £ ±(z)/log± fc . 

3 Kernel 

In this section, we describe the kernels of Co^, generalising those given in [5 
and use them to define the even and odd Selmer groups. We first give some 
elementary linear algebra results. 

3.1 Linear algebra 

For any positive integer n, we write 7r n = n v (( p ™ — 1). Then, g^(n n ) = 
where g( n ' = go---og. Moreover, g(n n ) — 7r„_i and K n — K{it n ). We 

n 

will from now on assume g to be a good lift of Frobenius in the sense of [5, 
Section 4.1]. In particular, we will have to assume 7r € p(l + p*Z p ) which would 
exclude many Lubin-Tate extensions of Q p . However, if we start with a totally 
ramified Z p -extension of Q p , then we can always assume that it is obtained 
from such Lubin-Tate extensions (see [5] for details). For n > 1, let Tr' n = 
7i"n - \ Tr„ / „_ 1 (7r„) = 7r„ + 1 and = 7ri - Tr 1/0 (7Ti) = tti + ^j. Then, 
Tr„ / „_ 1 «)=Oforalln>l. 

Lemma 3.1. Let be the kernel of the trace map from K n to K n -\, then 

\jk'° : a G G n } generates over K . 

Proof. Let x G K^ n \ By Proposition 4.4], we have x G K[G n ]ir n + K n —\. 
Since Tr n / n ^i ir n G K n -i, we can write x = J2aeG n a ^ l: n + V f° r some a a G K 
and y G K n _\. Since Tr„/„_ 1 x = TT n / n _i ir'° — for all a, we have y = 0. 
Hence we are done. □ 

n 

Corollary 3.2. Let n > be an integer and a = x^ for some Xi G K 

i=0 

with 7Tq = 1. Then, the k-vector space generated by {a a : a G G n } is given by 
8 where S = {i : x { ^ 0} and = if. 

Proof. We proceed by induction on The case \S\ = 1 follows directly from 
Lemma 13.11 
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n-1 

Without loss of generality, we assume that x n ^ 0. Let (i = Then, 

i=0 

by induction, {/3 T : r £ G n -i}, generates © over if. Fix r e 

ies\{n} 

and consider the following p elements: of , ct|a:„_i = T - Then, their sum equals 
p(3 T + (Tr n /„_i ir' n ) T = p(3 T . Therefore, for any r £ G n -i an d cr £ G„, /3 T and 
7r^ lie inside the if -vector space generated by a a . Hence we are done. □ 

3.2 Description of the kernels 

We now fix a lattice T/ in Vf which is stable under Gk- Write T = T/(l) C 
V = Vf(l). To describe the kernel of Co^, we will assume p > k — 1 as in [ID] . 
This implies that (V/T(K m )) GKn = for any j and n as in [IDJ Lemma 2.5]. 
Therefore, ff 1 (if„,T(«; m )) injects into H 1 (K n , V(n m )) under the natural map 
and we can treat the former as a lattice of the latter. In addition, the corestric- 
tion maps between ii 1 (if n , T(n m )) are surjective and the restriction maps are 
injective (see [8]). We will treat H 1 (K n ,T( K m )) as a subset of H x (K nl ,T(k" 1 )) 
for ml > n. 

Let z e H I 1 W (T*(1)), then z e ker(Col ± ) iff z_ m! „ is in the annihilator of 
the C_F-module generated by {exp m (7„ jm (^ ± )°') : a £ G„} for all n > and 
< m < k — 2. By [IDJ Proposition 2.7], this is in fact equivalent to the same 
statement being true for all, n > with one fixed m S {0, . . . , k — 2} (we will 
take to = below). 

Instead of looking at the said Oi?-module, we study the F- vector space 
generated by these elements inside Hj(K n , F(k™)) first. We can then intersect 
it with H}(K n ,T{n m )) to obtain the kernel. 

Proposition 3.3. The vector subspace over F of Hj(K n ,V(n)) generated by 
the set {exp(7„ j o(£ ± ) <T ) ; °~ G G n }, is equal to 

{x £ Hf(K n , V) : cor„/ TO+1 x £ Hj(K m , Vyim even (odd)} . 

Proof. Recall that by the proof of Lemma [L2l we have cr/(C — 1) = / (C K ~ 1) 
for any / £ S[[X]]^, a £ Gk and £ &p power root of unity. Therefore, for n > 1 

E /(CCp- - 1) = Tr n /n-i /(Cp- - !)• 
(p=i 

If 7i = 1, then 

E /(CC P -l) = /(0)+Tr 1/o /(C p -l). 
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Hence, we have 

n-1 
i=0 

= E f ^ i_ "(Cp»- - !) - ~ E ^" n (cc P »- - i)l ® ^-"(o 

+ (^(o)--E^-i)]®(i-^)- 1 (o 

- / i \ i 

= E ~ - ^«-<) ® p <_n (0 - - Tr (^i) ® a - ^r 1 ® 
p ; p 

n 1 

= E<- ® ^ _B (o - — t ® £ + c 1 - 

1=0 p 
Recall that ip 2 — —p k ~ 3 , so we have 



1 + p re ^ 



In particular, ® f± + (1 - < y j)" 1 (^ ± ) £ £>°(V). Moreover, ^ r (w) £ D°(V) 

iff r is even, hence {7n,o(£ ± ) CT } generates 



\ iES± J 



®D(V)/D°(V) 



where S ± = {m e [l,n] : m even (odd)} by Corollary 13.21 Hence the result by 
[TU1 Lemma 2.8]. □ 

We write Hj(K n , V) for the vector space described in the proposition and 
define iJ}(K„,T) ± = Hj(K n , T) n H^K^V^. Then, 

J ff}(K„,T) ± = {x G Hj(K n ,T) : cor n/ro+1 a; G Hj{K m ,T)Vm even (odd)} 

and ker(Col ± ) is given by 

Ml^(T*(lj) := lun^(K„,T*(l)) 

where H±{K n , T*(l)) is defined to be the annihilator of ifi(if n) T) ± under the 
pairing 

H\K n ,T*{l))xH l {K n ,T)^0 F . 

The images of CoY^ can be found in the same way as [TUJ Section 3] . Namely, 
Im(Col+) a* {u - 1)A + ^ A and Im(Col-) = A. 

o-GGi 
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3.3 The even and odd Selmer groups 



Let E be a number field with [E : Q] = d. Then, the p-Selmer group of / over 
E is defined to be 



SeW/E) = kcr (h\E, V/T) -y J] 



H X {E V ,V/T)\ 
V/T) 



where v runs through all places of E and V and T are as defined above. 

Assume that p splits completely in E. Let pi, . . . ,pd be the primes of E 
above p and E^/E a Z p -extension such that pi is totally ramified in E^. We 
write E n for the nth layer. Note that E Pi is isomorphic to Q p for i = 1, . . . , d. 
By Section 4.2], E 00:Vi /E Vi is contained in a Lubin-Tate extension for some 
uniformiser ir of Q p such that ir G p(l + pZ p ). Therefore, the CoY 11 restrict 
to limi? 1 (£ , rlj p i ,r*(l)) and it easy to check that the description of the kernels 

generalise directly. For each n > 0, we can define 



and SegU/Eeo) = km Sel± (//£„). 

Unfortunately, unlike the cyclotomic case, Sel p (f/Eoo) is not A-cotorsion 
in general. However, they do satisfy a control theorem (cf [HI Theorem 9.3]) 
and their coranks can be used to describe those of SeL_>(/ / E n ) (cf [5j Proposi- 
tion 7.1]). Since the proofs for these results given in [5j[8] are purely algebraic 
and do not involve properties of elliptic curves, they generalise to general / with 
no difficulties. 



4 Relative Lubin-Tate groups 

We now assume K to be a finite unramified extension of Q p of degree d. For a 
fixed 7r € Z p with p-adic valuation d, let g be a lift of Frobenius with respect 
to 7r in the sense of [H Section 1.1.2], then <p l (g) is also such a lift for any 
integer i. To ease notation, we will write gi for f l {g). Each gi gives rise to an 
one-dimensional formal group over Ok which we write as T 9i . For any positive 
integer n, we write 

3; n) = V" _1 (.9i) ° ¥> n ~ 2 (ffi) • • • ° 9i = 9i+n-i ° 9i+n-2 °---°9i- 

Let Wg. be the set of zeros of g^ in K and write K n = K(Wg i ) which is 
independent of the choice of g and i. Moreover, if cj G W™ \ W™^ 1 , then 
K n = K{uj). Let r\i : G m — > F gi be an isomorphism, then rji G D[[AT]] and 

uj n ^ ■= Tif'\( p n - 1) G W£_ n \ W£zl (see [1 Section 1.3.2]). Note that gi _ n 
sends W™_ n to W?~* , we define the Tate module of F 9i to be 

T 9i = VmW£_ n . 
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Since rji satisfies giorji = rjf((l + X) p — 1), we have (u) n ,i)n S T 3i . 

The character k of Gk on T gi is independent of i by [4j Proposition 1.1.8]. 
As in the case of absolute Lubin-Tate groups, k can be decomposed as k = xi> 
where \ is the cyclotomic character and ip is an unramified character. 

Results of [T3] hold in this context with the obvious modifications, especially 
Theorem 11.51 In particular, for any £ £ D(V) and i an integer, we can define 
a measure (j,^ on Z* whose Amice transform is given by fji(X) £ where fji is 

defined in the same way as fj in Section [3J We can then define £^ as before. 
For V" = V f (l) and F = Q p (so C F = Z p ), we define 

Col* :Hj w (V*(l)) -> Q®A d 



z h+ (£g(z)/log* fe 



,d-l 



We now follow [7J Section 3] to find the image of Col - . In particular, we 
assume that g is a polynomial of degree p and the coefficient of A p_1 is (op 
where (o is a root of unity in K such that Ok = Z p [Co] ■ 

Lemma 4.1. WWi the above notation, ^E^,y(/i^2)^ , i — 0, ••• ,d— 1, is 
linearly independent over Q p . 

Proof. By Theorem 12.51 we have 

(E ft , y ( M «)) o - exp ((1 - ip)' 1 (l - tJ\ 77,(0) ® rV 

We first simplify the expression (1 — </?)~ 1 (l — ). Recall that (p satisfies 



Therefore, 



^ 2 +/- 3 = and = : A_ 3 (l + ¥0 

^ _|_ pK o 



V p 

V p 

</> -1 1 
<p- — + 1 - - 
p p 

1 \ 1 

l+-iT-ff V + 



1 


1 - 


l_pfc- 


-3 




1 




1 - 




-3 




1 




1 - 


l_pfc- 


-3 



pk 2 y p 



We write A = (p 2 - k + l)/{p k ~ 3 + 1). Since f =ue £>°(V), we have 

(1 - ^1 - ^) r7,(0) ® r = \f)i v {0) ® mod £>°(F). 



15 



But rji v (0) equals to 

<(o)-^£«-i) = <^ +1 (Co) 

since the summands are the roots gf . By definition, (q, <p(Co) • ■ ■ , <p (Co) is a 
Zp-basis of Ok , so we are done. □ 

Corollary 4.2. The image o/Hj (T*(l)) under Col - is isomorphic to A d . 

Proof. By [10l proof of Lemma 3.11], there exists an integer r such that 

p - r (E h>v (^l)) Q e h 1 (k,t)\ p h\k,t) 

for all i. Hence, as in [7J proof of Proposition 3.9], their linear independence 
over 1 p implies that 

{M"W) i=0i ..., d _ 1 -^ 1 ^ r )}=^ 

But the image of log~ fc in Z p is a p-adic unit (see [TOl Section 3.2]), so we have 

p- r Co\^(H\K,T*(l)))=Z d p . 

But the following diagram commutes (see |T0l proof of Theorem 3.10]): 

p" r - c i- (log-.)" 1 
H l {K m ,T*{l)) f_^_^ Q p [G m ] P - ^Z p [G m ] 

cor pr pr 

ff 1 ^, T*(l)) ~ Q p [G n ] Z P [G„] 

where m > n, hence the result by Nakayama's lemma. □ 
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